A new criterion on normal bases of finite field extension F q n /F q is presented and explicit criterions for several particular finite field extensions are derived from this new criterion.
Introduction
The determination of normal bases for finite field extensions is one of the important topics in applications such as coding, cryptography and practical computation, particularly multiplication operation in finite fields.
A series of criterions on normal bases has been given ( [11, 18] ), many series of normal bases with lower complexity have been found ( [1, 3, 5, 6, 9, 10, 12, 17, 20] ), and explicit description to construct normal bases for specific cases of finite field have been presented ( [2, 4, 8, 14, 15, 16, 19] ).
In this paper we present a new criterion on normal bases for general case of extension F q n /F q in Section 2. As applications of this new criterion, we show several examples in Section 3 which give explicit description of the normal bases for several specific extension of finite fields including previous results in ( [14, 15, 19] ).
A New Criterion on Normal Basis Generators for Finite Field Extensions
Let q = p l be a power of prime number p, l ≥ 1, F q be the finite field with q elements. An element α ∈ F q n is called a normal basis generator (NBG) for extension F q n /F q if B = {α, α q , α q 2 , · · · , α q n−1 } is a F q -basis of F q n . In this case, B is called a normal basis for F q n /F q .
The normal bases for F q n /F q are closely related to the ring of q-polynomial which we introduce now briefly. For more information on normal bases and q-polynomial we refer to books [11, 18] .
A q-polynomial (or called linearized polynomial) is a polynomial in the following form:
be the set of all q-polynomials. Then F q [x] is a ring with respect to the ordinary addition and the following multiplication ⊗ :
One of basic facts on F q [x] is that the mapping
is an isomorphism of rings. Therefore F q [x] is a principal ideal domain with identity x. We use the notation to express the divisibility in
Let n be a positive integer. For α ∈ F q n , the set
and M α (x) x q n − x. Let x n − 1 has the following standard decomposition in F q [x] :
where
An element α ∈ F q n is a NBG of F q n /F q means, by definition {α, α q , α q 2 , · · · , α q n−1 } is F qlinear independent. This is also equivalent to that there is no non-zero q-polynomial G(
From this we give the following usual criterions on α ∈ F q n being a NBG of F q n /F q . Theorem 2.1. ( [11, 18] ) Suppose that x n − 1 has the decomposition (1) 
The criterions presented in Theorem 2.1 heavily depend on the decomposition (1) of x n − 1. Now we present a new criterion on NBG of F q n /F q which we use the q-equivalent classes of the elements in Z n = Z/nZ. To compute these q-equivalent classes is easier than to find the decomposition of
. Firstly we assume that (n, q) = 1 (The other case can be easily reduced to (n, q) = 1 case, see Theorem 3.10). Then the decomposition of
2
is semi-simple and, by Chinese Remainder Theorem, is a direct sum of finite fields:
. Let ζ be a fixed n-th primitive root of 1 in the algebraic closure of F q . Then Z n is partitioned into r q-classes
. . .
and the roots {1, ζ, ζ 2 , · · · , ζ n−1 } of x n − 1 are partitioned into r F q -conjugate classes:
Our new criterion on NBG for F q n /F q is expressed in terms of the orthogonal idempotent
where δ i j is the Kronecker symbol. By Chinese Remainder Theorem, such idempotents e i (x) (1 ≤ i ≤ r) exist and uniquely determined. From (5) we get
and have the following orthogonal idempotent decomposition in R =
Let
(1 ≤ i ≤ r). Our new criterion on NBG for F q n /F q is the following fundamental result.
Theorem 2.2. Let e i (x) (1 ≤ i ≤ r) be the idempotent elements in
From this the Theorem 2.2 follows.
From (5) we get
By the isomorphism ϕ :
we get the following congruences in ring
Then by α q n = α we get
This completes the proof of Theorem 2.2.
Next we present a rather easy method to compute the idempotents e i (x) and so Then det(M) = 0 and
Proof. Firstly we prove that
ζ a j a i q λ and
Therefore ε i (α j ) ∈ F q and M is a matrix over F q . By the definition of ε i (x) we know that
Then by (7) we have e i (x) q ≡ e i (x)( mod x n − 1). Therefore e i (x) is a F q -linear combination of ε 1 (x), ε 2 (x), · · · , ε r (x). Namely,
where A is an r × r matrix over F q . By using (6), we get
Therefore det(M) = 0 and A = M −1 . This completes the proof of the Theorem 2.3.
Examples
Example 3.1. Let n be a prime number, q = p m , n = p. Suppose that q is a primitive root of n which means that (Z/nZ) * = q . Let ζ be an n-th primitive root of 1 so that
Therefore ε 1 (x) = 1, ε 2 (x) = x + x 2 + · · · + x n−1 , and
Therefore by (8) ,
and
Let Tr be the trace mapping for F q n /F q . Namely, for α ∈ F q n ,
Therefore,
By Theorem 2.2, for α ∈ F q n ,
α is a NBG for F q n /F q ⇔ E 1 (α) = 0 and E 2 (α) = 0 ⇔ Tr(α) = 0 and nα = Tr(α) ∈ F q ⇔ Tr(α) = 0 and α / ∈ F q (since α ∈ F q implies that nα = Tr(α)).
Therefore we get the following result given by Pei et al. in [15] .
Theorem 3.2.
Let q = p m , n be a prime number, n = p. If (Z/nZ) * = q . Then for α ∈ F q n , α is a NBG for F q n /F q if and only if α / ∈ F q and Tr(α) = 0, where Tr is the trace mapping for F q n /F q . 
Example 3.3. Let n be an odd prime number, n = p, q = p m . Suppose that the (multiplicative) order of q in
where g is a generator of the cyclic group (Z/nZ) * . Therefore
From (8) we get
(10)
By (10) and (9) we have
.
Let Tr be the trace mapping for F q n /F q . By Theorem 2.2 we get, for α ∈ F q n ,
In this case B + C = B − C = 1 and by (10) 
Therefore, for α ∈ F q n ,
and A = lTr(α) + (B + 1)(Tr(α) + α).
If n ≡ ±1( mod 8), then ( 
Let ζ be an n-th primitive root of 1,
. We know that ε i ∈ F q and
By using the equality
We can get Therefore for α ∈ F q n ,
Thus we get the following result.
Theorem 3.6. Let n and p be distinct prime numbers, q = p m . Let f be the order of q in (Z/nZ) * , n − 1 = e f . Let ζ be an n-th primitive root of 1, F q (ζ) = F q f . We choose g ∈ Z such that (Z/nZ) * = g and q ≡ g e ( mod n). We denote
Then for α ∈ F q n , α is a NBG for is an orthogonal circulate matrix over F 2 . Jungnickel et al. [7] obtained a formula on the number of orthogonal circulate e × e matrices over F q . From this formula we know that there essentially exist unique such matrix for q = 2, e = 3, 5, 7 and q = 4, e = 3. Namely, (ε 0 , ε 1 , · · · , ε e−1 ) = (1, 0, · · · , 0). In these cases, the conclusion of Theorem 3.6 can be simplified as : α is a NBG for 
